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ACT AND SUMMARY

This paper considers noncooperative stochastic games with N players.

1e case where the state space is arbitrary and the action space compact,
nder some continuity assumptions with respect to the immediate return
he transition probability function, the existence of a stationary equi-
um policy under the criterion of the total discounted return, is proven.
Next, for the case where the state space is denumerable, we give a num-
f recurrency conditions with respect to the transition probability ma-
s associated with the stationary policies that guarantee the existence

equilibrium policy under the criterion of the average return per unit

Finally, in Section 4, we review and extend the results that are known

he case where both the state space and the action space are finite.

JRDS & PHRASES: Stochastic games, non—-cooperative games, discounted
return model, average return model, equilibrium points,

optimal stationary polictes.

This paper is not for review; it is meant for publication elsewhere.







TRODUCTION

This paper treats an N-person noncooperative stochastic game, specified
five-tuple (¢,S,A,q,r).

¢ ={1,...,N} is a finite set of players, S is a locally compact Borel

t of some complete, separable metric space, and A is a compact metric

, where the set S denotes the state space of some system, and A denotes

et of possible actions. With C defined as

ociates with each pair (s,a) € S x C a probability distribution q(.|s;a)
e class Bs of Borel subsets of S, and ri is a bounded real-valued and
-measurable function on S x C, for all i € V.

Behaviorally, a stochastic game is a sequence SRACTERE of noncoopera-
nonzero sum games played by the members of y, where s ¢ S indexes the
FS | s € S} from which Y, (t=1,2,...) is drawn.

Without loss of generality, we assume that the set of actions A avail-
to player i in the state s is identical for all s € S and i € ¥ such

. . N
all the players' actions in Y (t=1,2,...) are a vector a = [a],...,a ]

When Yo = 8> i.e. when the system is in state s and the vector a € C

es all the players' actions in Yo then the one-step expected reward
. . . s . . .

ayer i is given by r (s3;a), and the state next visited (i.e. the game

drawn) is distributed according to q(.ls;g).

Let F(A) denote the set of all finite measures on BA’ the Borel subsets
endowed with the weak topology (cf. [13], p.40). Observe, using Th.

E PARTHASARATHY [13] that F(A) is a linear Hausdorff topological space,
ot M(A) be the subspace of all probability measures on BA’ with the in-
topology.

[t then follows from the fact that A is a compact metric space, using
4 of [13], that M(A) can be metrized as a compact metric subspace of

Jext we define F(C) = Xie F(A) as the set of all finite product mea-

%

on BC’ the product o-field in C, endowed with the product topology.




: M(C) = Xiew M(A) be the subspace of all product probability measures on

Observe that F(C) is again a linear Hausdorff topological space and
it, as a result of Tychonoff's Theorem, M(C) can be metrized as a compact
‘ric subspace of F(C) as well.

We use the (abbreviated) notation [u i,v1 for the N-person randomized
tion fu],...,ul l,v,p1+],...,u ] that results from y = Fu],...,ui,...,uN],
:n the i-th player changes from u to v, the other players continuing to
: their respectlve actlons in u. |

Def1n1ng r'(s; ) = E r (s a) and q(. ls,u) = E q( [s3 a) for all

[u seeesl ] € M(C), s € S and i € v, we obtaln.

2) ri(s;g) = J ri(s;g)dg(g) =‘f...f ri(s;a],...,aN)dul(al),..duN(aN),
C A A
3) q(.ls;g) = f q(. = [...J q(.Is;al...aN)dul(a])...duN(aN),

C A A

re the second equality in (1.2) and (1.3) results from Fubini's Theoremn.

i e .
erve that r ' (s;u) and q(.ls;g) are both multilinear in u:

i 1 j i N i 1 j N
4) rl(S;U ,~--3AUJ+(]_A)VJ9~--,U ) = Ar (S;u ,---:UJyo--su ) +

i 1 i N
(1-Mr (s3u 9-'-:vJa--':U )

1 i N
s;u ,---,uJ,---,u ) +

1 i j N
5) a(.]ssu e a3+ (=0T, 00 = Aq(.

1 ] N
Ssu ,...,VJ,...,U ).

(1-))q(.

A policy m* for player i is a rule that prescribes to player i, for
h time t, which randomized action p e M(A) to choose at time t, as a Borel

surable function of the state S, and the history

He = (sgoagispags..oss,_j,a, )

the system up to t.




Let T denote the class of all one-player policies, and denote by A the
f all Borel measurable mappings §: S >~ M(A). For any § € A, let G(W)

ate the stationary (one-player) policy that prescribes the randomized
n 8§(s) € M(A) whenever the system is in state s.

As a consequence we let A represént the class of all stationary one-

r policies as well.

A stationary policy 6(m) is said to be pure if in each state of the

m it prescribes a specific action in A with probability one.

'inally, let II = Xiew I denote the class of all N players' policies,

't A = Xiew A de?ote th; subset of the sta?ionary N pliyers' policies.
1y policy m= (7 50005 ] € I, we define Va(ﬂfs) and g (m,s) as the
expected a-discounted return, and the long-run expected average return

1t time to player i, when the initial state is s:

E { Z akrl(s ;a,) | s, =8}, iey,seS,0=<0c<l,

i
V (7m3s) a
o T x=0 k&

0

gi(n;s) = 1im sup 1 E_{ § ri(s 52 ) | s, =s}, i€y, ses,
- tro T+ L k=0 ko k 0
E_ indicates the expectation given the players' common policy m e I
ad, and where {sk; k=20,1,2,...} and {ak; k = 0,1,...} denote the sto-
ic processes of the states and actions that result from policy 7.
\n N-tuple of policies Ef = D:],...,W*N] e I is said to be an a-dis-

2d equilibrium point of policies (o-DEP) if

V;(Ef;s) > V;(E5s) for all i ¢ ¥, s € S, and 7 € H—l(gf),

i) = (n=n',omlen | ol = 2™, 5 # i),
Similarly, we definelﬂ* as an average return equilibrium point of

tes (AEP), if

) gl(Ef;s) > gl(gﬁs) for all i € y, s € S and 7 ¢ H_l(Ef).




Hence, whenever the players choose an o-DEP (AEP) Ef, none of them,
1atever the initial state of the system, can increase his own total ex-
:cted a-discounted return.(expe?ted average return per unit time) by chang-
1g to some other policy nt # e I, the other players continuing to use
leir respective policies in_Ef.

In the following sections conditions will be given under which the
tistence of stationary o-DEP and AEPs will be proved.

We conclude this section by observing that if A i§ a subset of some

. . . i . .
near metric space itself, such that for all i € ¢, r (s;a) is linear, or

en concave in the i-th component of a, and q(. s;a) is multilinear in a
f. (1.4) and (1.5)), then the existence of a pure, instead of a randomized,
ationary a-DEP and AEP is guaranteed, under the same conditions, as follows

om an examination of the analysis below.

EXISTENCE OF STATIONARY o-DEPs

Hereafter we assume:

. rl(s;g) is continuous on S x C, for all i € V.

. q(.lsn;gn) converges weakly to q(.

q(.

s;ja) as s_ ~> s, and a_~ a, whereas
n -n -

s;gn) converges setwise to q(.ls;g) as a_ > a, for all s € S.

MMA 2.1. Suppose Al,A2 hold. Then
) rl(s;g) s continuous on S x M(C) for all i € y;
) a(.

q('IS;En) converges setwise to q(.

Sn;Bn) converges weakly to q(.|s3u) as s S, and I T whereas

s;u) as p >y, for all s € S.

JOF. This proof proceeds along similar lines to the one in MAITRA &
YTHASARATHY ([12], Lemma 2.1).

) Let s, Sg» and Uo> Mo fix i € y, and pick € > 0. We have (cf. (1.2)):




i i i 1 N.,, 1,1 N, N
|t (Sn’En)—r (SO*E)! < lJ...f T (sn,a yoesesd )dun(a )...dun(a ) +
A A

]
i 1 N 1,1 N, N
- J.--J rl(so;a seoesd )dun(a )...dun(a )

i 1 N 1, 1 N, N
I o (so;a yoeesd )dun(a )...dun(a ) +

i
ees| T (so;a

1 N 1, 1 N, N
yeeapd )duo(a )...duo(a ).

S is locally compact, there is an open set O containing s, such that
‘ = . = . . i .
losure O is compact. As O x C is a compact metric space, T (s3a) is
‘mly continuous on 0 x C and hence there exists an integer N] such

or all n 2 N Irl(sn;g)—rl(so;g)i < ¢/2 for all a € C. This implies

1’
he first term on the right-hand side of (3.1) is at most €/2, for all

ext, observe that since for all j e V, ui(.) converges to ué(.) in the
opology, we have, as a consequence of Fubini's theorem, for every N-

(f],...,fN) of real-valued continuous functions on A:

f (a )f (a )...f (a )du (a )...du (a ) »

f (a )...f (a )du (a )...du (a ).

o
S

due to the Stone-Weierstrass Theorem (cf. ROYDEN [16], p.174),

.al,...,aN), as a continuous function on C, can be approximated uni-
1, 1 N N

o=1 fg(a )...f (a’), where

ich i € ¢, and 2=1,2,..., f (.) is continuous on A, we obtain, using

7 by a sequence of functlons of the form Z

that there exists an integer Nz, such that the second term on the
-hand side of (2. 1) is at most /2, for all n 2 NZ’ as well. Hence,

Py ) converges to r (s u.) as S, - SO’ B + u., which proves part (a).

0°to Yo

thow that A2 implies that




[ u(s')q(ds'{sn;gn) > f u(s')q(ds']so;go), as s > s
S S

0’ Y 7 Xy

d that
a(Blsqsu ) > 4(B[sysu,) as ST

r every real valued, continuous and bounded function u on S, and for every
rel set B « BS’ by repeating the proof of part (a) with rl(.;.) replaced by
u(s')q(ds'|.5.) and q(B|.;.) respectively. [J

Observe that XseS F(C), the space of all mappings f: S > F(C) endowed

h the product topology, is a linear Hausdorff topological space.
Likewise, Xer M(C), the space of all mappings f: S > M(C) (with the

uced topology), is a compact subspace, as a consequence of Tychonoff's

Oorem.

Let {fn}:=l be a sequence in XseS M(C). Then, since convergence of

» £, in the product topology, implies fn(s) > £(s), for all s € S, it

lows from KURATOWSKI ([10], part I, P.386) that A is a closed, and hence

>act subspace of XS€s M(C)AS XSES F(C). We thus obtain:

3) A is a compact convex subspace of the linear Hausdorff topological
space XS€S F(C).

(=)

€ 4, the total expected a-discounted return
1layer i, V;(g(m);s) is given by:

any stationary policy §
) V;(g(m);s) = ] o, f r(y;8(y)) a5 (dy|s)
n=0 S -

e qg(B,s), with s € S and B ¢ Sq denotes the n-step transition probabil-

function of the Markov Chain {st} associated with the stationary policy

The following lemma proves that V;(é(m);s) is a continuous function on

rall ie vy, seS, acel0,1).




2.2. Assume A1-A2 hold. Fix Sg € S, ie Vv, and a € [0,1). Then
V (6( ), ) = Vl(G( ),s ) whenever {6 } —»g, with gn € A,

. We first observe that § € é_(cf. (2.3)) and that V (n( ),s) is uni-
7 bounded in n € A. For, let M be such that Ir(s,é)l < M for all s € S,
€ C. Then, it follows from (1.2) that lrl(s;E)I < M for all s € S, and

(C), and next, using (2.4), that
IV;(ﬂﬁw);s)l < Tga’ for all ﬂ(w) € A, and s € S.

(S) denote the class of all bounded measurable and real-valued func-
on S, and deflne for each n € A the operator H : M(S) - M(S) as fol-
H(G) =r (sn()) +a f u(s')q(ds"|.;n(. )) for all u e M(S). We

show that

lim §_ = gf = 1lim Hg (uw) = Hk*(u), for all k = 0,1,... and u € M(S)
n>o n>° -n

. . . k .
is pointwise, and where Hn(u) 1s recur-

the convergence of {Hg (.
Sn n=]

- defined by:

(u)(s")q(ds"|.;n(.)), for k > 1;

|:J?~"

Ty =t sn)) + a J

H (u) =

]:o]:s

.ding by complete induction, we first observe that (2.6) trivially

for k = 0. Suppose now it holds for k = ko. Then, as a consequence of

it follows from gn(s) > §(s), assumptions Al-A2, the boundedness of

and Proposition 18 on p.232 in ROYDEN [16] that (2.6) holds for

+ 1 as well.

le next observe from (2.4) that

V;(Dﬁw);s) = H:(O)(s) + ak J V;(D‘m);s')q:(ds'|s), for k = 1,2,...
S and n € A.




Finally, let {_§n}:=1 > éf, where én € A, and pick ¢ > 0.
Choose k such that ak < e(l=a) and, in view of (2.6), an integer N
4M 1

k k
ich that IHSH(O)(SO)—Hg*(O)(SO)I < €/2, for all n 2 NO. Then for all n = NO

2 obtain,ué&ng (2.5), That:

()
NG

. gl ox(w) < k K
n 35TV @ 8| < Iy (0 ()=, (0 (s +

+ of If Vi(ﬁéw);S')qg (dS'ISO) - f Vi(ﬁ*(m);s')qk*(dS'lso)l <
S - S S

e(l1-a) 2M

N e (I

€y

1ich proves the lemma. [J

We now turn to the existence of an a-DEP.
For a compact state space, and under the assumptions Al and the first
irt of A2, the existence of an o-DEP was first proved in SOBEL [227, where,
wever, the considered class of policies had to be restricted to xseS M(C),
le stationary, though not necessarily measurable ones. In addition, it ap-
ars that the proof of the Theorem in [22] is either incorrect or incom-
ete (cf. VRIEZE [ 25]).
Theorem 1 below proves the existence of an o-DEP, under the assumptions
and A2, within 1, the class of all measurable stationary and nonstationary
licies, using an extension of the Kakutani fixed-point theorem by GLICKS-
RG [81].

Moreover, we need the following lemma, the proof of which is given in

e appendix.
MA 2.3. Fzx 0 < o < 1. A stationary policy g‘w) = fGl(w),... GN(m)] 18

b

a=DEP, Zff V;(g(w);s) satisfies the optimality equation:

8 vie™ie) = ma (rh(s3067H(s),ul) +

XlueM(A)

+ a J V;(§Kw);s')q(ds'IS;[G"i(s),u])}
S

»all s € S, 1 € .




THEOREM 1. Assume Al1-A2 to hold, and let 0 < a < 1. Then there exists a
stationary o—DEP.

PROOF. We construct a mapping &: A - 2A3 where 2é-denotes the class of all

closed subsets of A. We first show that for each § ¢ A and i € y, there

exists an n € A such that

@9 ertoanon e [ e imaaylsiisTie), D -
S
= max |y {F (53087 (8),u]) + @ f Vi syacaylssteT o)D),
S
Vs € S.

) Observe, as a consequence of the assumptions Al-A2, the boundedness of
V;(é‘w);s') (cf. (2.5)), and Proposition 18 on p.232 of ROYDEN [16], that
the expression within { } in (2.9) is a Borel-measurable function on
S x M(A) that is continuous in u. The existence of an n € A satisfying (2.9)

then follows from Th. 12.1 in SCHAL[ 171.
For any i € ¢y, and § € A, let ¢1(§) denote the set of all n € A that

satisfy (2.9), and define the point-to-convex-set mapping

o: 8> 28 5> 0(8) = X, 97(8).

1ey

We next show the upper semi-continuity (in the sense of Kuratowski) of this

point-to-set mapping:

T n=ne o).

(2.10) {8, >8&n «e@), {nlt _,

n=1 —’ —n

Fix {§ﬂ}:=l, {Bn}:=l s?tisfying the conditions in (2.10) and fix s € S. Sub-
stitute éﬂ forfg and n: for n in (2.9) and let n tend to infinity. It then
follows that nl satisfies (2.9) for &, and this for all i € ¥ and s € S, as
a consequence of the assumptions Al-A2, Lemma 2.2, the boundedness of
Vé(ﬁéw);s) (cf. (2.5)), and Proposition 18 on p.232 in ROYDEN [16].

As a consequence of (2.10) and the fact that ¢ is a point-to-convex-set

mapping of a convex compact subset A of the linear Hausdorff topological




ace XseS F(C) into itself (cf. (2.3)), it follows from GLICKSBERG's [8]
tension of the Kakutani fixed-point theorem that there exists a §f € A
ch that éf € ®(§f), which implies (2.8) and hence proves the theorem (cf.
ma 2.3). [

MARK. We sideways observe that the argument in the proof of Lemma 2.3 can
used in order to derive e.g. Theorem 3.1 in MAITRA & PARTHASARATHY [12]
a straightforward manner from the analogous result in Markov Decision

20ry.

THE EXISTENCE OF AN AEP IN STOCHASTIC GAMES WITH A DENUMERABLE STATE SPACE

In the remainder of this paper we will restrict ourselves to stochastic
nes with a denumerable state space S.

As a consequence, we henceforth need the following notations: Let
.(a) denote the transition probability to state t, when the N players' ac-
;ns in s are given by a € C.

We associate with each § ¢ A, the transition probability matrix (tpm)
5), where P(g)st = qst(gjs)), for all s,t € S.

For any § € A, we define the matrix P*(g) as the Cesaro limit of the
Juence {Pn(g)}:=l. Let R(8) = {tIP*(E)tt > 0}, i.e. R(8) is the set of
sitive recurrent states. If P(§) has exactly one positive recurrent class
states, then there exists a (unique) stationary probability distribution
i)(.), such that ﬂ(é)t = P*(g)st, for all s € S.

We henceforth assume the assumptions Al, A2 to hold, and introduce a
iber of conditions, each of which will be shown to guarantee the existence
an AEP:

1. There is an integer v 2 1, and a number p > O such that for each pair

of states (s],sz) and for each § € A:

o . \% \%
1) tzl min{P (g)slt,P (ﬁ)szt} > p.
(=)

2. For each policy & € A there exists a state Sg» such that the mean

first passage time md(s,ss), i.e. the expected number of transitions




11

(=)

needed to get from state s to state s, under policy § € A is finite

)

There exists a number R such that for every player i € ¥, and for any

combination of stationary policies {61,...,61—1,51+],...,GN} of the

and uniformly bounded in s € S, and §

other players, there is a policy §' ¢ A for player i for which the
mean first passage time mg (s,t) from any state s, to any state t under
[6 6 1 1is bounded by R; i.e. for each

{61,...,61 ],61+1 eses0 } with 63 € A for all j # i, there exists a

policy §

st e A, such that

ms(s,t) < R for all s,t € S, where § = [61,,..,6N].

The assumption A3.1 is an adaptation of a condition introduced in TIJMS
as an extension of the Doeblin condition (cf. e.g. DOOB [6], p.197) to
lection of Markov Chains. We note that A3.1 with v = 1, is equivalent
le condition that there is a number p > 0, such that for each four ele-

‘ (81’82’31*32) with s, # s, and € C:

&,-3,

oo

) min{qslt(_@_l),qszt(gz)} > p.

t=1
fix S,s8y € S and HysHy € M(C), and observe that as a consequence of
p <E [} min{q (a)),q  (a))}]
LR syt T st
= Y E min{q_  (a;),q_ (@)} < ] min{q, (u),q, ()},
t=1 31’52 slt 1 szt 2 t=1 Slt 1 Szt

 the interchange of expectation and summation is justified by the

gativity of min{q (a,),q (a,)}, and where the inequality part fol-
st =1 Sot =2 2

from Jensen's inequality and the concaveness of min(.,.) on R". Note

ly that (3.4) coincides with the special case of (3.1) where v = 1, In

wv Chain terminology, the condition (3.3) is known as the assumption that

:ach stationary and pure policy é(m), the associated tpm P(8) is scram-

~(cef. [1]) and has an ergodic coefficient of at least p.




The following lemma shows that under A3.1 the sequence {Pn(§)}:=] con-
rges exponentially fast to a constant stochastic matrix for any § € A,
ere in addition the convergence rate is uniformly bounded in 6§ € A. The
oof proceeds along the same lines as the proof of Theorem 1 in ANTHONISSE
TIJMS [1] (cf. also pp.173-174 in DOOB [6]). For the sake of completeness,

include the proof in the appendix.
MMA 3.1. Under A3.1, we have for any § e A, and s,t € S:

[n/v]

.5) 1P2(8) (&) | < (1-p) for all n > 1,

ere [x] is the largest integer less than or equal to x.

A3.2 and A3.3 are immediate adaptations of assumptions introduced in
8S [15] and HORDIJK [9] (Th. 12.8) respectively.
For each o (0<o<l), we choose a specific o-DEP éa € A. Next, we fix

* .
y state s , and define:

1
o

1 (°°) * .
a(ﬁa 387 ), for all s € S, and i € V.

i - (=), .y _
.8) va(s) =V (ga ;8) \Y
Following the proofs of Lemma 1 in TIJMS [24] *), in ROSS [15], and Th.

.8 in HORDIJK [9], we obtain the following lemma:

MA 3.2. Under any one of the conditions A3, the family of functions
i(.), 0<ac<l1}<s unifbrmly)bounded. O

We now prove the existence of an AEP, making use of a technique intro-

:ed by TAYLOR [23], and a.o. used in ROSS [15]:

\OREM 2. Suppose that Al1-A3 hold. Then there exists a stationary AEP
Y . .

e A, and for each i € ¥ a constant g’ and a bounded function vl(.),
h that

9) gi + vi(s) = maxueM(A){ri(S;[ﬁfi(s)’“J) *

£ 7 q @8 i) ,unvi)), vs s,

st
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Gi(s) attains the maximum in the right-hand side of (3.9) for all

(=)

. Moreover, g (6 38) = gl, for all s € S, 1 € V.

. We first observe using (2.5) that I(l—a)V;(géw);s*)l < M, for all
0,1) and i € ¢. This, together with Lemma 3.1 and the fact that any
nce of points in the compact metric space M(C) has a cluster point

, using the dlagonallzatlon procedure, the existence of N constants

(«)

bounded functions v (.), a policy § € A, and a sequence {a }k 1°

' € [0,1) and 1imk_>0° @ = 1, such that:

1imk+m 8 = §;
. Ok i (o) ki .
llmk-a—oo (!—a )Vak(%lk 58S ) =8 s 1e Y3
. i
1lmk+m vak(s) = v (s), for all s € S. . X
Now, fix 1 ¢ ¥, and s = s, € S, and subtract Vak(s ) from both sides

0
.8) with a = o and s = S02 in order to obtain (cf. (3.8)):

~
<
~
2]

(r' (s[5 (s) D) = (1m0 IVE () +
k

ax
neM(A) K

q (8 s ),mD) - vE (o)),
1 sot -—ak 0 ak

I o~ 8

t

;k(s ) attains the maximum in the right-hand 31de of (3.10). Letting
| to infinity in (3.10) we obtain (3.9), with st (s ) attaining the max-
n the right-hand side of (3.9), as a consequence of (a), (b), (c), the
stions Al-A2, and Proposition 18 on p.232 in ROYDEN [161].
lext, it follows from the proof of Theorem 6.17 in ROSS [15] that policy

.s an AEP and that g (6( ),s) = gl for all s ¢ Sand i € y. [

'he proof of Theorem 2 also shows the following corollary:

ARY 3.3. If the assumptions Al1-A3 are satisfied, then each limit policy

ed from a sequence of o-DEPs with discount factor tending to one, 18
), 0

le conclude this section by considering the two person - zero sum case,
1 2

N =2 and r (s,a) = -r (s,a) for all s € S, and a € A.

mlike the general N-person stochastic game, we have in this case that

'tal expected a-discounted return (the expected average return per unit




me to player 1) is identical for any o-DEP (AEP), whatever the initial
ate of the system.

Henceforth, dropping the superindices 1 and 2, let r(s;a) = rl(s;g) and
t geq(s) denote the average gain (to player 1) associated with an AEP,
en the initial state of the system is s.

For any bounded function w: S > R we define Kw(s;[u,v]) = r(s;[u,v]) +
z:=] qst([u,v])w(t), for all s € S, u,v € M(A), and the dummy game FS(W)

the one-step game, with M(A) as the action space for both players and

th Kw(s;[u,v]) as pay-off function. It then easily follows from (3.9),

ing standard arguments, that the functional equation:
J11) v(s) + g = maxueM(A) manEM(A) KV(S;[u,v]) + val FS(V), s €S

s a bounded solution <v*(.),g*> (val Ps(v) is the value of the game Fs(v)),
The following proposition shows that the correspondence between the
lutions to the functional equation (3.11) and the AEPs is similar to the

e in Markov Decision Theory:

JPOSITION 3.4,

' Under any of the assumptions A3, the functional equation (3.11) has a
bounded solution <v(.),g>.Moreover, every solution <v*(.),g> to (3.11)
has g = geq = geq(s), for all s ¢ S, and any policy & = (61,62) such
that [61 (s),87(s)] Zs an equilibrium pair of actions with respect to
the dummy games I‘S(v*), 8 an AEP. “

Assume A3.1 or A3.2 to hold, and let <v(.),geq> be a particular solu-
tion to (3.11). Then the set of all solution pairs V is given by:

vV = {<v(.)+c,geq> | ¢ e R}.

IOF .
The existence of a bounded solution <v(.),g> to (3.9) was shown above.
Next, fix a solution <v*(.),g> and let § = (61,62) be such that
(s),éz(s)] is an equilibrium pair of actions with respect to the dummy
les Fs(v*). It then, once again, follows from the proof of Th. 6.17 in

(=)

S [15] that éﬁm is an AEP, with g(gﬁm);s) =8 =8,

q
We first observe that under A3.1 and A3.2, for every policy S e A, the

ociated tpm P(§) has a single (positive) recurrent class of states. More-
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for any pair of policies §,n € A we have R(§) n R(n) # #, since other-
it would be possible to construct a policy ¢ with two (positive) re-

1t classes (let e.g. z(s) = 8(s) for s € R(§), and £(s) = n(s) other-

Je now show that V ¢ {<v(.)+c,geq> I c € R}, the other inclusion being
al.

Let <w(.),geq> be a second solution pair to (3.11), and fix §,n € A
that 8(s),n(s) are equilibrium pairs of actions with respect to the

games TS(V) and Fs(w) resp., for all s € S. We then obtain from (3.11)

v(s) + g s r(s308' (s),n°()]) + [B(s',nP)v],

v

w(s) + g > (s306°(s),n' ()]) + [B(s%,nhw_.

icting the second inequality from the first one, and iterating the re-

1g inequality k times, we get:
k, .1 2
» v(s) - w(s) < [P (8§ ,n )(v—w)]s, s eSand k =1,2,...,

r taking the Cesaro limit as k + » on both sides of the inequality

I's

» v(s) - w(s) < c, = Zt W(Gl,nz)t(v-w)t, s € S.

irly, we obtain
2 n(62 nl) (v=w) = ¢, < v(s) - w(s) s € S.
t ? t t 2 ’

Je finally prove c,=¢c,=¢ which by the combination of (3.13) and

) implies V ¢ {<v(.)+c,geq> | ¢ € R}, and hence part (b) of the prop-
m.
fultiplying both sides of each inequality in (3.13) by n(d},nz)s, sum-

wer s € S, we find v(s) - w(s) = ¢, for all s ¢ R(Gl,nz). Similarly,

1




obtain v(s) - w(s) = c, for all s ¢ R(Gz,nl), which implies ¢, = c, = c,

1 2
2o 9. O

w

5 a consequence of R(dl,nz) n R(S

IMARK. Although any policy § is an AEP if for all s ¢ S [6](s),62(s)] is

1 equilibrium pair of actions with respect to the dummy game TS(V),
7(.),geq> being a solution pair to (3.11), we know from Markov Decision
1eory that this condition is at all events not necessary when for some of
1e policies §, P(8) has more than one subchain (cf. SCHWEITZER & FEDERGRUEN
91, p.6d, Th. 3.1(e) and Th. 4.1(b)).

As a consequence, we observe that the conditions mentioned in Th. 4

! SOBEL [21] need not be necessary for an AEP.

STOCHASTIC GAMES WITH A FINITE STATE AND ACTION SPACE

In this section, we finally consider the N-person stochastic games with
nite state and action space, as studied in ROGERS [14] and SOBEL [217].

We first need the following supplementary notations:
t A={1,...,K} and let dik’ for any policy § € A, denote the probability
th which the kth alternative (I<k<K) is chosen by player i when entering
ate s € S.

For any policy 8 € A, we define the fundamental matrix Z(8) = [I—P(§)+
(ﬁ)]—l and for each i ¢ y the bias-vector Wi(g) by (cf. BLACKWELL [3]):

W@ = I, 2 riessm)-gi 0.

Observe that for each § e A, gl(é(m);s) = Zt P*(é)st rl(t;§(t)) for all
: Y, s € S, and that: (cf. [3])

. L ()
i (=), _g (" ;s)
1) v, (¢ 8) = ="

; + wl(g)s + ol(agé)s, for all i e y, s € S,

a e [0,1),

ire [ol(a;g)s] decreases monotonically to zero as o + 1.
Denote by n(g) the number of subchains (closed, irreducible sets of
ites) for P(§) and let Cm(é) indicate the mth subchain (15m£n(§))m Finally,

. ép c A denote the finite set of pure and stationary policies and define
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SCHWEITZER & FEDERGRUEN [19]):

R* = {s | s ¢ R(8) for some policy § « ép}’

et of states that are recurrent under some pure policy.
Although the existence of an a-DEP is always guaranteed, it is known
a well-known counterexample by GILLETTE [7] that even in the two per-
zero sum case an AEP does not need to exist when for some of the poli-
Q(m) e A, P(S) 1is multichained (i.e. n(§)22). This seeming contrast witt
arkov Decision Processes (MDPs) with finite state and action space is
ined by the fact that in stochastic games, as distinct from the former,
sential use is made of the set of all randomized actions, whereas in
ion the above result perfectly corresponds with what is known to be
ase in MDPs with a finite state space, but arbitrary compact action

(cf. BATHER [2]). Under the assumption that for each §Fm) € ép’ P(8) it
ained, the existence of an AEP was first proved in ROGERS [14] and

[21]. Moreover, in SOBEL [21], as a still stronger property, the
ence of a (g,w)- or bias-equilibrium policy §f € A was treated, which

lieve should be defined as an AEP éf, for which:

i, .* i . -1
wo (8 )S > w (_n_)S for all i € ¥, s e Sand n e I 1(§_*) n HAEP(gf),

* 1 1
Mep) = tnel | g" (), = gl(g)s for all s e S}

Jefinition 3 in [21] does not extend the (g,w)-optimality notion in

v Decision Theory; moreover, with the definition in [21], a (g,w)-opti-
>licy does not even need to exist in the case N = 1, i.e. in the case
MDP).

[n SOBEL [21], the question of the existence of a (g,w)-equilibrium

7 was treated using the Brouwer fixed-point theorem with respect to

>int-to-point mapping ®: A > A, with for all i € §, s € S and k € A:

0(8) = (Bl * o, N/ + [, el (&),

i i i i
P (&) = agy * by * egys and




) age = max(0,] o a_ (67 (), kg (s 50) - o160y,
. i
) bi _ 0, lf zs zk.ask > 0,
K |maxto,r’ (s306 7 (s) k) + Lp a0 (67H(s) kDw (&),
= gi(éfw);s) - wi(g)s}, otherwise,
. i
) i _ 0, 1t Zs zk bsk > 0,
csk

max{O,Zt qst([G_i(s),k])zi@_)t - wi(§)s - zi(g)s, otherwise,

ere z7(8) = Z (8§)w (8).
Unfortunately, the mapping ¢ may be discontinuous in §, since the

((g) can be discontinuous in those $ that satisfy, for all i € y, s € S

2 functional equation:
4) gi(g(w);S) = max, _, ] qst([d—i(s),kl)gi@(m);t),
the functional equation (4.5)
O NS CR PO max,__, (r (s3067 (s), k1) +
+ 1, a5, (067 () Kl () 3,

- for which, in any sphere in A containing 8, policies n can be found that
not satisfy (4.4) (or (4.5) respectively). (As an example consider the

> with § = {1,2,3}, A = {1,2,3}, q]l(.) = q22(.) = 1; q31(l) = q3](2) =1;
,(3) =15 r(1,.) = 1; r(2,.) = 0; r(3,1) = -M; r(3,2) = r(3,3) = 0; where

> 0. Let SX denote the policy that chooses action 1 in state 1 and 2 with
ybability one, and in state 3 with probability x, whereas in state 3 ac-

m 3 is chosen with probability 1 - x. Observe that ¢;2(6) is discontinuous
§,-)

Although under the assumption that for every policy S e ép’ P(8) is uni-
“ned the proof in SOBEL [217] can be rectified in order to show the exis-
.ce of an AEP (merely by redefining ¢ik(6) = bik’ since in this case only

terion (2) is needed), we give a different proof, which shows the exis-
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of an AEP within a wider class of stochastic games, including certain
with multichained policies.

In addition, our approach has the advantage of showing that AEPs can
tained as limit policies from a sequence of a-DEPs with discount factor
ng to one (cf. Corollary 3.3).

Observe that in both the counterexamples (to the existence of an AEP)
THER [2], example 2.3 and GILLETTE [7], the matrix P*(é) is discontinu-
ndeA.

In fact, Theorem 3 below shows that the existence of an AEP is guaran-
as soon as P*(§) is continuous in 8§ € A, and that this property is
nder condition B.l below, which is an assumption upon the chain struc-
of the policies belonging to ép'

Let §

Oy2ee

e relation on (cf. SCHWEITZER & FEDERGRUEN [19], proof of Th. 3.2):

.,QQ be an enumeration of ép’ and consider the following equiv-

C = {Cm(ér) I 1 €<r<L; 1 <m-*&s n(§r)}.

.et C =~ C' if there exists {C(]) = C, C(z),..,,c(n) = C'} with C(l) e C,

A e g fori=1,...,0-1.
et C(]),...,

*
k(l),...,R*n be the corresponding partition of R” (cf. (4.2)):

* .
C(n ) be the corresponding equivalence classes on C, and

R* 8 - c™(s").

U{(m,r)|Cm(§F)eC(2)}

lhe following lemma shows that under assumption B.1, all policies in A

che same number of subchains, i.e. n($§) is constant on A:

(2)

. . . *
ivery (pure) policy § € ép has exactly one subchain within each R )

*
! =1,.c.,50 &

4.1. If B.1 holds, then all the policies in A have the same number of

Lns.

. Fix épe_é. We prove that P(§P) has exactly one subchain within each

(2=],...,n*) by showing subsequently:




) R(go) [= R*; (2) any subchain of P(gp) is contained within one of the
R*(Z% (3) in every one of the sets R*(l) there is exactly one subchain
p(sY).
) and (2) follow immediately from parts (a) and (c) of Th. 3.2 in [19],
that (3) remains to be shown.
Fix 2 (lszsn*) and assume first that R(GO) n R*(z) = @. It then follows
)m Lemma 2.2 in [19] that there exists a pure policy n € A , with R(n) ¢
5 ), such that R(n) n R*(z) = @, contradicting B.1. F1na11§, observe that

> any pair § 62 e A_, the subchains of 6 and 6 that are contained

>
chin R *(2) mist 1ntessect, since it would otherw1se be possible to con-
‘uct a 63 € AP with two subchains within R * (L ), contradicting B.1, and
‘ify that this property implies that P(8) cannot have two or more sub-
1iins within R (2)

[ARK. Assume that every policy in ép is unichained (cf. SOBEL [21], ROGERS
-]) and observe that this assumption implies for any pair (§4,§2) € ép

't their subchains must intersect, so that all the subchains in C belong

. . *
the same equivalence class, i.e. n = 1.

It hence follows that the assumption in SOBEL [21] and ROGERS [14] is

ntical with the special case of B.l where n" = 1.

We next introduce assumption B.2:

. For every i ¢ ¢y for every pair of states s,t ¢ S, and for every combin-
ation {87 ¢ A | 7 # i} of the other players, there is a policy st e A
for player i and an integer % such that P(g)it > 0,

ch is the relaxation of assumption A3.3 to the finite space model, and

ch can be seen as an extension of the communicatingness-property (cf.

HER [2], HORDIJK [9]). Alternatively, one might say that B.2 expresses

t for every i € ¢, and whatever statiomary policy the other players

ose, each state is accessible from every other state for player i. Final-

Theorem 3 proves, under B.! as well as under B.2, the existence of an

JREM 3. There exists a stationary AEP, if either Bl or B2 holds.
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. Assume first thatB.lholds. Fix i € y, s € S. It follows from Lemma
hat n(8) is constant on A, and hence from Th. 5 in SCHWEITZER [18] that
is continuous in § € A, which in its turn invokes, by their very def-

on, the continuity of g (6( ),s) and w (g)s in S e A.

We first fix an o-DEP §a € A, for each o € [0,1).

Inserting (4.1) into both sides of (1.8) and multiplying both sides of
esulting inequality by (1-a) we obtain for all n € A

gi(gém);s) + (l-a)wi(ga)S + (l-a)oi(a;éa)s 2

i i -i

t ,n])s + (1-a)o (a;[da ,n])S

> gi([d; ,n](m);S) + (l-a)wl([é;

It next follows from the fact that A is a compact metric space that

an find a policy gf(w) € A, and a sequence {ak}:=], with a, € [0,1)

k

imk+m a, = 1, such that 1imk+m gﬂk = §f. We further show:

i i -i
1lim (l1=a,)o (o, 36 ) = 0 = 1lim (l-a, )o (o, 3[8 ~,nl)
Kovoo k k —a, s Ko k k oy s

Merely proving the first equality in (4.7) (the proof of the second
eing analogous), we observe that for each o ¢ [0,1), oi(a,é)s is con-
us in § € A, as a result of Lemma (2.2), relation (4.1) and the contin-
of g (6( ),s) and w (6) in § € A.

(4.7) then follows from the fact that for any n ¢ A I(l-a)oi(a;n)s|
ases monotonically to zero, as a + 1, using e.g. Dini's Theorem (cf.

N [16], p.162).

Finally, let k tend to infinity in both sides of (4.6) with o = a
se (4.7) as well as the continuity of g (5( ),s) and wi(§)s in §

der to obtain:

gl(§f(w);s) > gl([é*_1 n](m);s), for all i € ¢, s € S and n € A.

Consider next the ''decision problem" that arises when all players but
.. . . . . . *
r 1 tie themselves down to their respective policies in § , and ob-

from (4.8) that in this decision problem, §*' is a maximal gain




ylicy to player i within A. It then follows from the proof of Theorem 2

t DERMAN [5] that S*i is also optimal within T (cf. appendix), and hence
‘ing the argument(s) in the proof of Lemma 2.3, even within . This proves
i@ theorem under B.1, whereas the existence of an AEP under B.2 follows

mediately from Theorem 2, B.2 being the relaxation of A3.3 to the finite

ace model. []

We finally turn to the question under which condition(s) a pure instead
a randomized AEP exists, for every choice of the one-step expected rewards
(s;a).

So far the only stochastic games known to have this property are the
-called two person-zero sum games with perfect information, in which in
ch state of the system, one of the two players has not more than one al-
rnative.

The existence of a pure AEP for this class of stochastic games was
rst treated by GILLETTE [7]. Unfortunately an incorrect extension of
e Hardy-Littlewood Theorem was used, as has been pointed out by LIGGETT
LIPPMAN [117].

The existence of a pure AEP, and, as an even stronger result, the
lstence of a pure bias-equilibrium policy, may, however, be derived from
> fact that a pure stationary o-DEP exists for each a e [0,1), where the
:ter has already been proved by SHAPLEY [20].

Since ép is a finite set, we can therefore find a policy.§*= (5*26*2)6
and a sequence {an}:=l’ with'an 4+ 1, such that Qf is an an—DEP for
*1,2,... . Let r(s;a) = r (s;a) = —rz(s;i) and Va(D}s) = V;(ﬂ;s) = —Vz(ﬂ;s),
observe that Va(ﬂ;s)==Zt[I-aP(ﬂ)];ir(t;ﬂ(t)) is a rational function in o
vall n € ép a?d ize S. i a2 .

Since Va([n ,6 "138) - Va(g :s) and Va([é ,N 1;s) - Va(§_;s) are also
ional functions in a, for all n],nz € A and s ¢ S, and hence are either
ntically zero or have a finite number of zeros, there exists an a(nlgnz,s)

h that, for all a > a(n],nz,s):

6*2

9 V.(In',8"158) < v (6%50) < v_(06™,n23;5).

ce S and ép are finite, we thus obtain an o  such that 8" is an a-DEP
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11 o > a*. It then follows by comparing (4.1) for gf and [n],s*zj, as

as gf and [6*],n2], that gf is a bias—-equilibrium policy as well.

K. The proof in LIGGETT & LIPPMAN [11] for the existence of a pure AEP
re complicated than the one above; moreover, it requires an additional
ent. More specifically, instead of Th. 5 in BLACKWELL [3] we need the
ger result that in each Markov Decision Model there exists a discount
r o" such that any policy that is a-optimal for some a > o* is a-opti-
or all o > a*, which is immediate from the proof of Th. 5. Relation (5)

1] should be adapted in this sense.

One might wonder whether the existence of a pure AEP is also guaranteed
e case of two-person, nmonzero-sum, or even more generally in the cése
person games with perfect information. The following two-person game
owever, a counterexample:

= {1,2} and assume player 2 has one alternmative in state 1 and player

one alternative in state 2. Let

r2(1501,10) = £h2sa,1) = 1

r2(15(2,1)) = £ (2;(1,2)) = -1,

-her rewards being zero, and let

q11(2,1) = q2](1,2) 1/3.
Ve finally observe that the question of whether, and under which con-
1s, a (g,w)-equilibrium pair of policies exists still remains to be

i.
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'PENDIX

OOF OF LEMMA 2.3. Fix i € y, and consider the Markov Decision Problem (MDP)

th the ith player as decision-maker that results from our stochastic game,
en each of the other players tie themselves down to a specific policy

€ M. Define T as the class of all policies in this MDP, i.e. the class
all rules that prescribe for each time t which randomized action u e M(A)
choose as a Borel-measurable function of the state S, and the history

= (SO’aO""’St-l’at—l) of the system up to t. Observe that Il is a strict
bset of 1T, as a consequence of Ht’ the history of the system in the sto-
astic game, embodying the realizations of the random variables (since
ndomized actions) {wJ(sT) | 3 #4i, 0 < 1 < t} next to the actions

| 0 < 1<t} of the ith player.

T
Note that

) P(steB{st_ —;=a) for all B e BS

) P(steBIst_]=s,a _ _1=a) for all B ¢ BS’

're the tilde ~ indicates the transition probability in the above-described

Now, if g(w) is an a-DEP, then Gi(m) is an optimal strategy in the
ve-mentioned MDP, within the class I, and, a fortiori, within I (cf.
9)). It then follows from Th. 6 part (f) of BLACKWELL [4] that Vi(ﬁ‘w);s)
isfies (2.8) for all i € ¢y, s € S. Conversely, since the transition prob-
lity distribution in the above-described MDP is independent of the "ex~
ded" history Ht’ just as it is independent of H. (cf. (a) and (b)),
follows from a straightforward extension of the same theorem in [4] that

20

is an optimal strategy in the MDP, not only within I but also within

class 1II.
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OF LEMMA 3.1. Fix § ¢ A, and define for any t ¢ S, and n = 1,2,...

n _ n no_ . n
Mt = sup__¢ P (g)st, and m 1nfS€S P (g)st.

n+l - S'°°

n .
’(é)st ly=1 P(é)su.P(g)ut, it follows that for all t € S:

for alln 2 1.

+ - .
‘ix s,u and n > v. For any number a, let a = max(a,0), and a = -min(a,0
+ . + -
1sing the facts that (a-b) = a - min(a,b) and zk ay = Ek a when

: 0, we get, for any t ¢ S:

o]

OIS SO kzl [PY() 2 (®) ] P (O, =

- kzl 12V (®) , P(® 17 PO, - é] [27(8) B () y 17 BT,
) kzl [2%(8) PV (®), 3 0 )

=11 - of min{P”(8)  PY(8) 3T (M) Cem h o< (1mo) (e em ).

k=1
s and w were arbitrariiy chosen, it now follows that for all t e S:

n n n-v _n-v
- < - -
Mt m < (1 o)(Mt m ).

ing this inequality and using the fact that ME - mi <1 for all t € §
=1,2,... we obtain:

F
M - mE < (l-o)“n/v].

ier, (3.6) and (3.7) prove that for any t ¢ S there is a finite number
n,® n,®

i such that {M} . ¥ w_, and {m_} + m_. Tt then follows from
t ' n=1 t t n=1 t 0

(6)n < M" that lim P(5)n exists and hence, 7_ = lim P(&) =
— st £ n->o — st t n->e - st




. . . . n n
(g)st = w(§)t. Finally, this equality, together with mt < s P (é)st <M

n
t

d (3.7) imply (3.5).
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